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The extended Einstein-Maxwell-aether-axion model describes internal interactions inside the sys-
tem, which contains gravitational, electromagnetic fields, the dynamic unit vector field describing
the velocity of an aether, and the pseudoscalar field associated with the axionic dark matter. The
specific feature of this model is that the axion field controls the dynamics of the aether through
the guiding functions incorporated into the Jacobson’s constitutive tensor. Depending on the state
of the axion field these guiding functions can control and switch on or switch off the influence of
acceleration, shear, vorticity and expansion of the aether flow on the state of physical system as
a whole. We obtain new exact solutions, which possess the pp-wave symmetry, and indicate them
by the term pp-wave aether modes in contrast to the pure pp-waves, which can not propagate in
this field conglomerate. These exact solutions describe a specific dynamic state of the pseudoscalar
field, which corresponds to one of the minima of the axion potential, and switches off the influence
of shear and expansion of the aether flow; the model does not impose restrictions on the Jacobson’s
coupling constants and on the axion mass. Properties of these new exact solutions are discussed.
PACS numbers: 04.20.-q, 04.40.-b, 04.40.Nr, 04.50.Kd
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I. INTRODUCTION
The question: whether the velocity of gravitational
wave propagation coincides with the speed of light,
arose again as the result of extraordinary event, which
enters the history of astronomy with the indication
GW170817/GRB 170817A. The date 17.08.2017 is as-
sociated now with the fact, that the gamma-ray burst
GRB 170817A, observed by the Fermi Gamma-ray Burst
Monitor, and the INTEGRAL (International Gamma-
Ray Astrophysics Laboratory) from a binary neutron star
merger, and the gravitational-wave event GW170817, ob-
served by the Advanced LIGO and Virgo detectors, had
the time delay of +1.740.05 s [1]. The authors of the re-
port [1] confirm that the difference between the speed of
gravity and the speed of light to be between −3× 10−15
and +7 × 10−16 in terms of the speed of light. In other
words, this outstanding discovery returns us to the idea
that the mechanism of the gravitational wave propaga-
tion can be, in principle, superluminal and/or sublumi-
nal. In this context, we can consider also the possibility
that the speed of gravity can be mediated by the influ-
ence of other fields and cosmic substrata (e.g., dark en-
ergy and/or dark matter), within which the gravity waves
propagate. From this point of view, the cosmic dark fluid
can control the speed of propagation of the gravitational
waves, and we have to discuss examples of models de-
scribing such guidance. In this letter we consider an ex-
actly integrable model, in which the dynamic aether and
axionic dark matter interact with gravity waves. Gener-
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ally, the existence of the dynamic aether and/or of the
massive pseudoscalar field prevents the gravity wave to
propagate with the velocity equal to the speed of light
in vacuum. However, below, based on exact solutions of
model master equations, we have shown that this is pos-
sible for special states of the field conglomerate. Clearly,
our next idea is to consider exact solutions for a con-
trolled subluminal and superluminal gravity wave prop-
agation, and we think that this program, inspired by the
event GW170817/GRB 170817A, is a sufficient motiva-
tion for the presented first step.
The term pp-waves appeared in the Einstein theory
of gravity, and it is usually associated with the plane-
fronted gravitational waves with parallel rays [2, 3]. The
corresponding exact solutions describe the so-called pure
gravitational radiation. Mathematically, the spacetime
of the pp-wave type has to admit the existence of (at
least) three Killing vectors, which form the G3 Abelian
group of isometries; one of these three Killing vectors
has to be the covariant constant null four-vector [2]. A
number of criteria are formulated, which allow us to rec-
ognize the pure gravitational radiation; one of them is
that all curvature invariants have to be equal to zero
[4]. The Einstein-Maxwell theory gave us the example of
pure gravitational - electromagnetic radiation; the corre-
sponding exact solution for the gravity field is of the pp-
wave type, the electromagnetic field inherits the pp-wave
symmetry and is characterized by vanishing quadratic in-
variants [2]. Generally, when the theory includes the cos-
mological constant and / or massive scalar, pseudoscalar,
vector fields, the pp-wave symmetry can not be admissi-
ble as a global symmetry of the model. However, there is
still a possibility to find specific (truncated) states of the
physical system, which possesses the pp-wave symmetry.
2We indicate such states by the term pp-wave modes in
contrast to the term pure pp-waves. In order to explain
the terminological difference between pure pp-waves and
pp-wave modes, we would like to make the following com-
ment. For instance, for the case of pp-wave symmetry the
trace of the Einstein tensor in the left-hand side of the
Einstein equations is equal to zero, insisting that the to-
tal stress-energy tensor in the right-hand side of these
equations to be traceless also. The stress-energy tensor
of the electromagnetic field in vacuum is traceless by def-
inition; the trace of the stress-energy tensor of the mas-
sive pseudoscalar field is not equal to zero; this difference
is principal: in the first case the pure pp-wave can exist
without supplementary requirements, while in the second
case the pp-wave mode propagation is possible only after
some ”fine tuning”, which is necessary, in particular, to
switch off the nonvanishing trace.
A particular example of such pp-wave mode was con-
sidered recently in [5] in the framework of the Einstein-
aether theory [6–9], which is based on the introduction of
global dynamic unit timelike vector field U i interpreted
as a velocity four-vector of some cosmic substrate, the
aether. It was shown in [5] that the solution with pp-
wave symmetry exists, when the Jacobson’s constants
C1, C2, C3, C4, introduced in the Einstein-aether theory,
satisfy two requirements C2 = 0 and C1+C3 = 0. Phys-
ically, this means that the aether is insensitive to shear
and expansion of the aether velocity flow. In that con-
text, the pp-wave modes became admissible, since the
influence of shear and expansion, produced in the aether
flow, can not be displayed because of the model restric-
tion; as for the influence of vorticity and acceleration of
the velocity flow, it is not suppressed by the requirements
C2 = 0, C1+C3 = 0, but is absent due to the pp-wave
symmetry. In other words, if the model is truncated,
the specific dynamic states, the pp-wave modes, can ex-
ist, while the model as a whole does not admit the pure
pp-waves. We emphasize, that we use the term pp-wave
aether modes for truncated states, keeping in mind that
mathematically we deal with exact solutions to the set of
equations of the Einstein-aether theory.
In this letter we consider the extended Einstein-
Maxwell-aether-axionmodel, which describes the interac-
tion of gravitational, electromagnetic, vector fields with
a pseudoscalar field associated with axionic dark matter.
Now we do not impose restrictions on the aether coupling
constants C1, C2, C3, C4 and assume that the axionic field
is massive,m(a) 6= 0. We show that now there are no pure
pp-wave configurations in this model, however, there ex-
ist special solutions, which can be indicated as pp-wave
aether modes.
Why do the pp-wave aether modes exist in the model
under discussion? One can say that the pseudoscalar (ax-
ion) field is the producer of these pp-wave modes. We as-
sume that this pseudoscalar field influences the dynamic
unit vector field as a switch, suppressing ”inappropriate”
states of the aether flow. We deal with the set of master
equations for the gravity field (supplied by electromag-
netic, vector and pseudoscalar sources), for the electro-
magnetic field (supplied by the axionic source), for the
unit vector field (supplemented by axionic guiding func-
tions), and for the pseudoscalar field (supplied by the
electromagnetic and aether sources). Surprisingly, this
set of coupled master equations admits the existence of
pp-wave aether modes, and the corresponding subset of
exact solutions for the gravitational and electromagnetic
fields coincides with the one for the pure gravitational-
electromagnetic radiation.
II. THE MODEL VERSION OF THE
EINSTEIN-MAXWELL-AETHER-AXION
THEORY
A. Action functional
We work here with the model action functional of the
following form:
S =
∫
d4x
√−g
{
1
2κ
[R+ Λ + λ (gmnU
mUn−1)+
+Kabmn(φ)∇aUm∇bUn
]
+
1
4
FmnF
mn+
1
4
φFmnF ∗mn+
+
1
2
Ψ20
[
V (φ2)−gmn∇mφ∇nφ
]}
. (1)
Here g is the determinant of the metric tensor g=det(gik);
R is the Ricci scalar, Λ is the cosmological constant;
κ=8πG, with the Newtonian coupling constant G (c=1
in the chosen units); U i is the dynamic timelike vector
field; Fmn is the Maxwell tensor and F
∗ik ≡ 12ǫikmnFmn
is its dual with the Levi-Civita tensor ǫikmn; φ is the
pseudoscalar (axion) field with the potential V (φ2); Ψ0
is the constant reciprocal to the parameter of the axion-
photon coupling gAγγ; ∇i is the covariant derivative. The
term λ (gmnU
mUn−1) ensures that the U i is normal-
ized to one; λ is the Lagrange multiplier. The term
Kabmn(φ2) ∇aUm ∇bUn is quadratic in the covariant
derivative ∇aUm of the vector field U i; the tensor Kabmn
is constructed using three ingredients: the metric ten-
sor gij , aether velocity four-vector Uk, and pseudoscalar
(axion) field φ:
Kabmn(φ2) = h1(φ2)gabgmn+h2(φ2)gamgbn+
+ h3(φ
2)gangbm+h4(φ
2)UaU bgmn. (2)
The extension of this type was proposed in [10], and now
we apply this idea to the model with the pp-wave sym-
metry. We assume that when φ = 0 the functions h1, h2,
h3, h4 convert into the Jacobson’s coupling constants C1,
C2, C3 and C4 [6]:
h1(0) = C1 , h2(0) = C2 , h3(0) = C3 , h4(0) = C4 . (3)
3All admissible terms in the Lagrangian, which include
convolutions of the velocity four-vector U i and its co-
variant derivative ∇mUn with the Maxwell tensor Fmn
(in the linear and quadratic forms), are classified and
discussed in [11]; here we consider the classical terms
1
4FmnF
mn and 14φF
mnF ∗mn only.
B. Potential of the axion field
We assume that the potential of the pseudoscalar (ax-
ion) field is bi-quadratic with respect to φ:
V (φ2) =
1
2
[
m2(a)
ν
+ ν(φ2 − φ20)
]2
. (4)
Here m(a) is the parameter associated with an intrinsic
axion mass; ν is the parameter associated with the so-
called self-interaction of the φ4 type; φ0 relates to some
basic state of the pseudoscalar (axion) field. This poten-
tial possesses the following properties. First, when
φ = φ∗ ≡ ±
√
φ20 −
m2(a)
ν2
, (5)
the potential and its derivative take zero values:
V (φ2∗) = 0 ,
[
d
dφ
V (φ2)
]
|φ=φ∗
= 0 . (6)
Second, when |φ0| > m(a)|ν| , this potential has two sym-
metric minima coinciding with double zeros of this func-
tion, and one maximum at φ = 0. Third, when φ0 = 0,
|φ| is small, and m(a)|ν| is absorbed by the cosmological
constant, the potential tends to the standard quantity
V → m2(a)φ2, which describes massive pseudoscalar field
without self-interaction.
C. Decomposition of the covariant derivative of the
aether velocity four-vector
The tensor ∇iUk can be decomposed into a sum of
irreducible parts, the acceleration four-vector DU i, the
shear tensor σik, the vorticity tensor ωik, and the expan-
sion scalar Θ, as follows:
∇iUk = UiDUk + σik + ωik + 1
3
∆ikΘ . (7)
The basic quantities in this decomposition are defined as
DUk ≡ Um∇mUk , σik ≡ 1
2
(⊥
∇iUk+
⊥
∇kUi
)
−1
3
∆ikΘ ,
ωik ≡ 1
2
(⊥
∇iUk−
⊥
∇kUi
)
, Θ ≡ ∇mUm ,
D ≡ U i∇i , ∆ik = δik − U iUk ,
⊥
∇i ≡ ∆ki∇k . (8)
In these terms the scalar Kabmn(∇aUm)(∇bUn) takes the
form
Kabmn(∇aUm)(∇bUn) =
= (h1+h4)DUkDU
k+(h1+h3)σikσ
ik+
+ (h1−h3)ωikωik+1
3
(h1+3h2+h3) Θ
2 , (9)
and gives us the idea to make the following redefinitions
hD(φ
2) ≡ h1 + h4 , hσ(φ2) ≡ h1 + h3 ,
hω(φ
2) ≡ h1 − h3 , hθ(φ2) ≡ 1
3
(h1 + h3) + h2 . (10)
Below we indicate the quantities hD(φ
2), hσ(φ
2), hω(φ
2),
hθ(φ
2) as guiding functions.
D. Ansatz about the structure of guiding functions
We assume the guiding functions to have the form of
switch-functions:
hD(φ
2) = (C1 + C4)
(
1− φ
2
φ2D
)nD
, (11)
hσ(φ
2) = (C1 + C3)
(
1− φ
2
φ2σ
)nσ
, (12)
hω(φ
2) = (C1 − C3)
(
1− φ
2
φ2ω
)nω
, (13)
hθ(φ
2) =
[
1
3
(C1+C3)+C2
](
1− φ
2
φ2θ
)nθ
, (14)
where the integer indices nD, nσ, nω and nθ are the num-
bers exceeding one, nD > 1, nσ > 1, nω > 1 and nθ > 1.
These inequalities guarantee that
hs(φ
2
s) = 0 , h
′
s(φ
2
s) = 0 , (15)
for s = D, σ, ω, θ, thus explaining the terms switch on
and switch off, which we use below. The guiding func-
tions coincide with the corresponding combinations of
the Jacobson’s constants in two cases: first, when φ ≡ 0
(absence of the axion field); second, in the limit of large
critical values φ2s → ∞ (axion influence is suppressed).
When φ2 grows and overcomes the critical value φ2s, some
of guiding functions can change the signs, if the corre-
sponding integer indices are odd; the guiding functions
hold the signs if the indices are even. Here we do not fix
these indices.
4E. About critical values of the axion field
The presented model contains five critical parameters,
which characterize the state of the pseudoscalar (axion)
field: φ∗, φD, φσ , φω, φθ, and four integer numbers nD,
nσ, nω, nθ. There is a unique case, when all five criti-
cal parameters coincide, and all numbers also coincide.
Another interesting case is when four switch parameters
coincide, but they differ from the critical parameter φ∗:
φD = φσ = φω = φθ ≡ φ∗∗ , φ∗ 6= φ∗∗ . (16)
But the most interesting (from our point of view) are the
cases, when the parameter φ∗ coincides with one or two
switch parameters. In particular, below we consider the
case, when φ∗ = φσ = φθ, and show that this condition
is necessary for existence of the pp-wave aether modes.
F. Master equation for the axion field
Variation of the action functional (1) with respect to
the pseudoscalar field φ gives the master equation
∇m∇mφ+ φ
[
V ′(φ2) +
H
κΨ20
]
= − 1
4Ψ20
F ∗mnF
mn , (17)
where the regulator function H:
H = h′D(φ2) DUmDUm+h′σ(φ2) σikσik+
+h′ω(φ
2) ωikω
ik+h′θ(φ
2) Θ2 , (18)
contains the first derivatives of the guiding functions in
front of the squares of acceleration four-vector, shear ten-
sor, vorticity tensor and expansion scalar, respectively.
G. Master equations for the electromagnetic field
Variation of the action functional (1) with respect to
Ai, the potential of the electromagnetic field, yields the
equations of axion electrodynamics
∇k
[
F ik + φF ∗ik
]
= 0 . (19)
In addition, we use the equation
∇kF ∗ik = 0 , (20)
which is the direct consequence of the definition of the
Maxwell tensor Fmn = ∇mAn−∇nAm. As usual, we
assume that Ak satisfies the Lorentz gauge, ∇kAk = 0.
The most known form of equations (19) is
∇kF ik = −1
2
ǫikmnFmn∇kφ , (21)
which uses directly the equation (20) and the definition
of the dual Maxwell tensor. The equations (21), (20)
and (17) with H = 0 form the set of basic equations
for standard axion electrodynamics (see, e.g., [12–20] for
details, history and applications). In our case H 6= 0,
thus we deal with one of the variants of extension of the
axion electrodynamics [21].
H. Master equations for the unit vector field
The variation of the action (1) with respect to λ yields
the equation
gmnU
mUn = 1 , (22)
which is known to be the normalization condition of the
timelike vector field Uk. Then, variation of the functional
(1) with respect to U i yields that U i itself satisfies the
well-known equations [6]
∇aJ aj = Ij + λ U j . (23)
Here the following definitions are used:
J aj = Kabjn(φ2) ∇bUn , (24)
Ij = h4(φ
2) DUm∇jUm . (25)
The Lagrange multiplier
λ = Uj
[∇aJ aj − Ij] (26)
is obtained by convolution of (23) with Uj .
I. Master equations for the gravitational field
The variation of the action (1) with respect to the met-
ric gik yields the gravitational field equations, which can
be presented in the following form:
Rik − 1
2
R gik − Λgik =
= λUiUk + T
(U)
ik + κT
(A)
ik + κT
(M)
ik . (27)
The term T
(U)
ik describes the contribution of the vector
field U i into the total stress-energy tensor:
T
(U)
ik =
1
2
gikJ am∇aUm+
+∇m [U(iJk)m]−∇m [Jm(iUk)]−∇m [J(ik)Um]+
+h1 [(∇mUi)(∇mUk)−(∇iUm∇kUm)] +
+h4(U
a∇aUi)(U b∇bUk) . (28)
As usual, the symbol p(iqk)≡12 (piqk+pkqi) denotes the
procedure of symmetrization. The tensor
T
(A)
ik = Ψ
2
0
{
∇iφ∇kφ+ 1
2
gik
[
V (φ2)−∇nφ∇nφ
]}
(29)
5describes the contribution of the axion field into the total
stress-energy tensor. The last term
T
(M)
ik =
1
4
gikFmnF
mn − FimF mk , (30)
is the canonic stress-energy tensor of the electromagnetic
field. Compatibility conditions for the set of equations
(27)
∇k
[
λUiUk + T
(U)
ik + κT
(A)
ik + κT
(M)
ik
]
= 0 (31)
are satisfied automatically on the solutions to master
equations (17)-(23).
III. PP-WAVE AETHER MODES
We consider below the model with the so-called pp-
wave symmetry; the symmetry of this model is associated
with two aspects: the geometrical aspect (the spacetime
isometries), and the physical aspect (symmetry inheri-
tance by electromagnetic, vector and pseudoscalar fields).
A. Geometry of the pp-wave state
The Lie derivative of the metric is equal to zero,
£ξl
(α)
gik = 0, along the triplet of Killing vectors
{ξi(1), ξi(2), ξi(3)}, which form the Abelian group of isome-
tries G3; ξ
i
(1) is the null covariant constant Killing vector,
i.e., gikξ
i
(1)ξ
k
(1) = 0, and ∇kξi(1) = 0. The metric describ-
ing the gravitational pp-wave of the first polarization can
be chosen in the form (see, e.g., [3] for details)
ds2 = 2dudv − L2
(
e2βdx2
2
+ e−2βdx3
2
)
. (32)
Here u and v are the retarded and advanced times, re-
spectively, given in terms of the time t and spatial coor-
dinate x1 by u= 1√
2
(t−x1), v= 1√
2
(t+x1), and x2, x3 are
the spatial coordinates in the plane of the front of the
pp-wave aether mode. The quantities L(u) and β(u) are
functions of the retarded time u only. The three Killing
vectors in this case are known to be of the form
ξi(1) = δ
i
v , ξ
i
(2) = δ
i
2 , ξ
i
(3) = δ
i
3 , (33)
the first of them is the null four-vector, i.e., gikξ
i
(1)ξ
k
(1) =
0; also the four-vectors are orthogonal one to another.
For the spacetime with such symmetry the Riemann
tensor is characterized by two nonvanishing components
R2u2u and R
3
u3u; the Ricci tensor has only one nonvan-
ishing component Ruu; the Ricci scalar is equal to zero.
As in the classical case with pure pp-waves, we assume
that Λ=0. Also, we have to take into account that the
total stress-energy tensor in the right-hand side of (27)
should be traceless (since R = 0), and orthogonal to all
three Killing vectors (since Rikξ
k
(α) = 0).
REMARK
Let us emphasize, that we use the metric (32) in the
form, which is indicated in the book [3] as the metric
in the TT-gauge. There is an alternative representation
of the metric with pp-wave symmetry in the so-called
Fermi coordinates, described by the function H(u, y, z)
(see, e.g., [2] for mathematical details and references).
One can recall, for instance, that the metric
ds2 = 2du¯dv¯ − dy2 − dz2 − 2H(u¯, y, z)du¯2 ,
u¯ =
t− x√
2
, v¯ =
t+ x√
2
(34)
with the harmonic function
2H(u¯, y, z) = A(u¯) (y2 − z2)+ 2B(u¯) yz (35)
corresponds to (32), if we use the transformations
u¯ = u, v¯ = v +
1
4
[
(x2)2(L2e2β)· + (x3)2(L2e−2β)·] ,
y = Leβ · x2, z = Le−β · x3, A(u) = β¨+2β˙ L˙
L
. (36)
(In this Remark the dot indicates the differentiation with
respect to the retarded time u¯=u).
B. Symmetry inheritance
We assume that the vector, electromagnetic and pseu-
doscalar fields inherit the pp-wave symmetry; mathemat-
ically, this means that
£ξi
(α)
Uk = 0 , £ξi
(α)
Aj = 0 , £ξi
(α)
φ = 0 (37)
for all three Killing vectors (33). These requirements pro-
vide that the vector, electromagnetic and pseudoscalar
fields do not depend on v, x2, x3, and thus are the func-
tions of the retarded time only: U i(u), Ak(u), φ(u).
1. The consequence for the electromagnetic field structure
The pp-wave symmetry inheritance requires the po-
tential Ak to contain only two nonvanishing components
A2(u) and A3(u), which are arbitrary functions of the re-
tarded time. Indeed, the Lorentz gauge leads to the rela-
tionship
[
L2(u)Av(u)
]′
=0, or Av(u)=
const
L2
; for physical
reasons we assume this constant is equal to zero. (Here
and below the prime denotes the derivative with respect
to the retarded time u). The component Au(u) does not
contribute to the corresponding Maxwell tensor, which
has now only two components Fu2 and Fu3. Clearly, for
this structure of the Maxwell tensor the equations of ax-
ion electrodynamics (21) are satisfied identically for ar-
bitrary A2(u), A3(u), since ∇kφ = δukφ′(u). Finally, one
can see directly, that both invariants of the electromag-
netic field vanish, FmnF
mn=0, F ∗mnF
mn=0, thus we deal
with the so-called pure electromagnetic radiation.
62. The consequence for the unit vector field structure
Since the requirement £ξi
(α)
Uk = 0 with the Killing
vectors (33) guaranties that the components of the four-
vector U i can be the functions of the retarded time only,
we focus on the simplest case
U i =
1√
2
(
δiu + δ
i
v
)
, (38)
which describes the aether in the state of rest in the cho-
sen frame of reference and metric (32). The covariant
derivative of the velocity four-vector reduces as follows:
∇iUk = 1√
2
[
δ2i δ
k
2
(
L′
L
+β′
)
+δ3i δ
k
3
(
L′
L
−β′
)]
, (39)
providing the acceleration four-vector and the vorticity
tensor to be vanishing
DUk = 0 , ωpq = 0 . (40)
The expansion scalar is proportional to the derivative of
the so-called background factor L:
Θ =
√
2L′(u)
L
. (41)
The shear tensor is also nonvanishing:
σki =
Θ
2
(
1
3
∆ki − δ1i δk1
)
+
β′√
2
(
δ2i δ
k
2−δ3i δk3
)
. (42)
3. The consequence for the axion field structure
For the axion field, which depends on the retarded time
only, φ(u), we obtain that
∇m∇mφ = gmn [∂m∂nφ− Γsmn∂sφ] = 0 , (43)
since guu=0, and Γumn=0. Also, the second
(pseudo)invariant of the electromagnetic field vanishes,
F ∗mnF
mn = 0, thus, the equation (17) reduces to
φ
{
V ′(φ2)+
1
κΨ20
[
h′σ(φ
2) σikσ
ik+h′θ(φ
2) Θ2
]}
=0 .
(44)
One of solutions to this equation is trivial, φ=0. To
guarantee that the term in braces vanishes for arbitrary
scalars σikσ
ik and Θ2, we have to require, that for cho-
sen solutions V ′(φ2)= 0, h′σ(φ
2)=0 and h′θ(φ
2)=0. It is
possible, when
φ2∗ = φ
2
σ = φ
2
θ , φ = ±φ∗ . (45)
The admissible solution of the pp-wave type happens to
be constant; it delivers the minimum to the axion po-
tential and turns to zero the axion potential V and two
guiding functions hσ and hθ.
C. Exact solutions
In order to describe exact solutions indicated as pp-
wave aether modes, we have to solve the master equa-
tions for the gravitational, electromagnetic, axion and
vector fields. The solution to the equations of axion
electrodynamics is already found, Ai=δ
2
iA2(u)+δ
3
iA3(u).
The solution to the axion field equation is constant,
φ=±φ∗ = ±φσ = ±φθ. Since the acceleration four-vector
and vorticity tensor are absent, the dynamic tensor Jmn,
obtained for the case hσ(φ
2
∗)=0 and hθ(φ
2
∗)=0 is equal to
zero, J am = 0. Similarly, we obtain that In(u) = 0 and
thus λ = 0. In other words, the master equations for the
unit vector field is satisfied identically.
The master equations for the gravitational field (see
(27) with Λ = 0) reduce now to the one key equation:
L′′(u)+L
{
β′2+
κ
2L2
[(
A′2e
−β)2+ (A′3eβ)2]} = 0 . (46)
Indeed, the stress-energy tensor T
(U)
ik is equal to zero,
since Jmn = 0; the tensor T (A)ik is equal to zero,
since ∇kφ∗ = 0 and V (φ2∗) = 0; the stress-energy
tensor T
(M)
ik contains only the contribution T
(M)
uu =
−(Fu2F 2u +Fu3F 3u ). The functions β(u), A2(u) and
A3(u) are arbitrary. In order to clarify physical sense
of terms in the equation (46), we use the so-called tetrad
components of the electric field, based on the following
relationships:
E2 = F2kU
k = −A
′
2(u)√
2
, E3 = F3kU
k = −A
′
3(u)√
2
,
E(2) ≡
√
−E2E2 = A
′
2e
−β
√
2L
, E(3) ≡
√
−E3E3 = A
′
3e
β
√
2L
.
(47)
In these terms the equation (46) takes the form
L′′(u)+L
{
β′2+κ
[
E2(2) + E2(3)
]}
= 0 . (48)
The equation (48) is the differential equation of the sec-
ond order in ordinary derivatives for the unknown func-
tion L(u) and three arbitrary functions β(u), E(2)(u),
E(3)(u). In order to add the initial data to this equa-
tion, we indicate the front of the pp-wave aether mode
by the condition u = 0, and require that on this front
L(0) = 1 , L′(0) = 0 . (49)
This equation is well-known, and it was studied in many
works. As an example, we discuss the case, when
E(2)(u) = E0 cosωu cosΩu ,
E(3)(u) = E0 cosωu sinΩu ,
β(u) = β0(1 − cosωu) , β(0) = 0 , β′(0) = 0 . (50)
7Then the equation (48) transforms into the well-known
Mathieu equation
L′′(u)+L
[
Π2 − h cos 2ωu] = 0 , (51)
where we use the definitions
Π2 =
1
2
(
β20ω
2 + κE20
)
, h =
1
2
(
β20ω
2 − κE20
)
. (52)
The behavior of the Mathieu functions is well docu-
mented. For illustration, we consider the explicit par-
ticular solution for the case h = 0, i.e., β0ω =
√
κE0:
L(u) = cosΠ0u , Π0 =
√
κE0 . (53)
Clearly, the background factor L(u) = (−g) 14 starts from
one at u = 0 and reaches zero at u = pi2Π0 ; thus, this
solution is well defined on the interval 0 ≤ u < pi2Π0 .
IV. CONCLUSIONS
In the framework of the extended Einstein-Maxwell-
aether-axion model, we have found new exact solutions to
the system of coupled evolutionary equations, which pos-
sesses pp-wave symmetry. We indicated these solutions
as the pp-wave aether modes. It seems to be interesting
to distinguish the following three remarks concerning the
obtained exact solutions.
1. There are four players in the scheme of internal in-
teractions in the aether model under consideration: the
gravitational, electromagnetic, timelike unit vector, and
pseudoscalar (axion) fields. The axion field is the key
player in this quartet. It contributes in a standard man-
ner the gravity field equations (see the source (29) in
(27)); its gradient four-vector forms the current-like term
in the equations of axion electrodynamics (21). But the
main new feature in the modus operandi of the axion
field is the control of the aether behavior through the
guiding functions (11)-(14) incorporated into the consti-
tutive tensor (2). In this sense the aether can be called
axionically active.
2. The axionic guiding functions (11)-(14) convert into
Jacobson’s coupling constants C1, C2, C3, C4 (arbitrary
parameters in this approach), when the pseudoscalar field
takes zero value, corresponding to the local maximum of
the axionic potential (4). Clearly, an arbitrary constant
is not a solution for the axion field. However, when the
axion field takes one of the critical values (5), correspond-
ing to one of the local minima of the potential (4), the
following new possibility appears: one, two, three or four
guiding functions can vanish, if the minimal value (5)
coincides, respectively, with one, two, three or four criti-
cal values incorporated into (11)-(14). From the physical
point of view, this effect looks like switch-on / switch-
off procedure: depending on the chosen critical value,
the axion field can switch off the influence of the accel-
eration, shear, vorticity, expansion of the aether velocity
flow. The pp-wave aether modes can appear in the sys-
tem, when the axion field switches off the influence of
shear and expansion simultaneously. Respectively, one
can consider the appearance of pure rotational aether
modes, pure shear aether modes, etc., if the axion field
can switch off other types of influence of the velocity field
flow; we intend to consider these effects in the nearest fu-
ture.
3. The aether pp-wave modes described in this letter, in
fact, do not activate scalar mode (spin-0 mode in termi-
nology of the paper [7]), and the tensor (spin-2) mode
propagates with the velocity equal to the speed of light
in vacuum. These results are obtained in [5] using special
requirements for the Jacobson’s coupling constants, but
now it is the result of axionic regulation of the aether
dynamics. The next problem is the stability of the so-
lutions of the pp-wave type, but this task is beyond the
scope of this letter. Finally, one can imagine a number of
mechanisms, which could switch off the pp-wave aether
modes. For instance, let the perturbation of the electro-
magnetic field transform the pure electromagnetic radia-
tion into the waves with nonvanishing second quadratic
invariant; now the equation (17) with nonvanishing right-
hand side does not admit constant solution; as a conse-
quence, the guiding functions (12) and (14) are not equal
to zero, thus stopping the propagation of the aether pp-
wave modes. In other words, one can destroy the pp-wave
aether modes by introduction of the electromagnetic per-
turbations; as for the inverse process, the excitation of
the pp-wave aether modes, we hope to consider the cor-
responding processes in the next paper.
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